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IBC estimation problem
• Given:

– λ: unknown problem element, e.g.
{

dynamical system
time function

– S: known “solution” operator, e.g.
{

parameters of the dynamical system
values of the time function

• Available information:
– “a priori” information

on the problem element: λ ∈ K ⊆ Λ
on the measurement noise: eN ∈ Be =

{
eN ∈ ℜN : ‖eN‖ ≤ ε

}

– measurement information (“a posteriori” information)

yN
︸︷︷︸

known data

= F (λ)
︸ ︷︷ ︸

known function

+ eN
︸︷︷︸

unknown noise

, F : known “information” operator

• Estimation problem:
1. find an estimation algorithm φ that well approximates S (λ)

φ
(
yN

)
= ẑ ≈ S (λ)

2. evaluate the approximation quality
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λ : problem element ∈ K

S (λ) : function of λ to be estimated

F (λ) : “noise-free” measurement information

yN : actual measurement information

eN : measurement noise ∈ Be

φ
(

yN
)

: approximation of S (λ)
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Example: parameter estimation for an ARX (na,nb
) model

yj =
∑na

i=1 aiyj−i +
∑nb

i=1 biuj−i + ej , j = 1, . . . , N ′

• Λ : (na + nb)-dimensional space with elements

λ = [ a1 a2 · · · ana
b1 b2 · · · bnb

]T ∈ ℜr , r = na + nb

• Z : (na + nb)-dimensional space with elements z = λ ⇒ Z ≡ Λ
• S = I = identity operator

• Y : (N ′ − na)-dimensional space with elements

y = [ yna+1 yna+2 · · · yN ′ ]T ∈ ℜN , N = N ′ − na

• F (λ)=L · λ, with L=








yna
· · · y1 una

· · · una+1−nb

...
. . .

...
...

. . .
...

yN ′−1 · · · yN ′−na
uN ′−1 · · · uN ′−nb







∈ℜN×r

⇒ F (λ) is linear in λ
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Main sets of interest
• MUSy = {ỹ ∈ Y : ||ỹ − y|| ≤ ε} : Measurement Uncertainty Set

• EUSφ = φ (MUSy) : Estimate Uncertainty Set

– EUSφ depends obviously on the estimation algorithm φ

– EUSφ provides all the estimates of S (λ) obtained by considering

all the possible measurements consistent with the overall information

• FPSy = {λ ∈ K : ||y − F (λ) || ≤ ε} : Feasible Problem Element Set

• FSSy = S(FPSy) : Feasible Solution Set

– FSSy depends on the problem formulation only

– FSSy provides all the values of S (λ) consistent with the overall information

– In case of parametric estimation, S (λ) = λ

⇓
FPSy ≡ FSSy : Feasible Parameter Set
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λ∈K⊆Λ : unknown problem element

S : known solution operator

F : known information operator

y : known measurement information

e∈Be : unknown measurement noise

Measurement Uncertainty Set :

MUSy={ỹ ∈ Y : ||ỹ − y|| ≤ ε}

Estimate Uncertainty Set :

EUSφ=φ(MUSy)

Feasible Problem Element Set :

FPSy={λ ∈ K : ||y − F (λ) || ≤ ε}

Feasible Solution Set :

FSSy=S(FPSy)
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Errors and optimality concepts

• Ey (φ) = sup
λ∈FPSy

‖S (λ)− φ (y) ‖ = sup
S(λ)∈FSSy

‖S (λ)− φ (y) ‖ : local error

• E (φ) = sup
y∈Y

Ey(φ) : global error

• An estimation algorithm that minimizes either of these errors is called, respectively:

– locally optimal

– globally optimal

• Note that: local optimality =⇒
⇐=/

global optimality
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Classes of estimators

1. Central estimators

φc (y) = Chebicheff center of FSSy := c(FSSy) ∈ Z

is the center of the minimal ball containing FSSy

rad(FSSy) := sup
z∈FSSy

‖c(FSSy)− z‖ = inf
z̃∈Z

sup
z∈FSSy

‖z̃ − z‖

is the radius of the minimal ball containing FSSy
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