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Signal and system Norms and Spaces

Let X be a vector space over the field R or C.

A norm on X is defined as a real-valued function
r — ||zl

which satisfies the following properties, Va,y € X and Va € R or C:

.
||| > 0 (nonnegativity)
> ||x|| is a positive definite function

|z|| = 0 ifand only if x = 0
/

lax|| = |a| ||z|| (homogeneity)

lx+y|| < ||z|| + ||y|| (triangle inequality)

X is said to be a normed space when a norm on it is defined.
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Vector Norms

Let X = R™ or C"; the Holder norms /,, are defined by:

n 1/p
Hpr: (:E:\JMJP> , 1<p<oo
k=1
Specific cases of interest:

lzlly E:MM

\/Z ’3314\ (Euclidean norm)

max |T|
1<k<n

Note that:

|zl < llfly < flzlly —ﬂMM<HM2<¢TMH
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Matrix Norms

Let X be the set of all the matrices m X 1 defined on R or C; R™*™ or C™ X"

X is a vector space where different norms can be defined.

Let us focus on the class of the induced norms:

| Axf],
|A]|, := max ——=, AeX
P 0 Tall,

where the following property holds, VA, B € X such that the matrix product AB

makes sense:

IABI[, < [lAll, I BI],

Signal and System Norms and Spaces’ 3



8% politecnico di Torino - DET M. Taragna

Examples of induced norms:

m
A ; max ) |ai;j| (maximum column sum)
1<j<n,;—

A

n
A : max >, |a;;| (maximum row sum)

The Frobenius norm is an example of non induced norm:

|A|| == /Trace (A*A) =
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Norms and Spaces of discrete-time signals

Let us consider the following finite-dimensional vector spaces €p (with 1 < p < o0),

given by the sequences x = {xy} : Z—C
o0 00 1
b (Zy) = {z={m}ply: (Tpzolaul”)"” < oo}

G2 = o= ol (Soclar) " <ol

U, (Z) = {x = {xp e (ZZO:_OO ]:Ck.|p) Ve oo}

and endowed with the following norms, respectively:

Lllp

X
p

X
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Norms and Spaces of continuous-time signals

Let us consider the following finite-dimensional vector space Lp (with 1 < p < 00),

given by Lebesgue integrable functions f = f (1) : I € R—C:

L,(I):= {f f is measurable, ([, |f (¢ ]pdt)l/p<oo}

and endowed with the following norm:

Main cases of interest:
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= (J, |f @) dt)""”

p

Discrete-time

Continuous-time

lzlly = 2k [l

LFIly = Jp 1F (@) de

2
], = Vzk 2

1£ly =/, 1F (D) dt

]l

[l := esssup | f ()]

tel
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Discrete-time Continuous-time

| | ][y == D (k] 1flly = J; 1f @) dt
Main cases of interest: > 5
VX bkl | Al = /S, 1 (1) at

lzll, =

N £l = esssup | (1)
k tel

Applications:

(¢) asignal s has finite energy if and only if || s||, < o0;

(¢) asignal s is magnitude-bounded if and only if ||s|| . < o0;

(297) asignal s € L, (R) is said to be causal if s € L,, (R}),

while it is said to be anticausal if s € L, (R_).
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Signal and System Norms and Spaces’

Norms and Spaces of the frequency responses
of discrete-time signals

Letx = {x} : Z — C be a discrete-time signal.

The frequency response of x is defined as the discrete-time Fourier transform (DTFT)

X (w) = (e7) := i rpe IWF

k=—o0

The normed space £, (with 1 < p < 00) of the frequency responses of

discrete-time signals is defined as:

£, ([0,27]) = {X Axl = (o [0 <w>pdw)1/p < oo}
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Norms and Spaces of the frequency responses
of continuous-time signals

Let z () : R — C be a continuous-time signal.

The frequency response of x is defined as the Fourier transform

+ 00
X () = i (juw) = / o (1) eIt gt

— 0

The normed space [,p (with 1 < p < o0) of the frequency responses of

continuous-time signals is defined as:
1 “+00 1/p
XX, = —/ X (W)fPdw)] <o
P 2T J_ o
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Hardy Spaces

H, (D) := {iL h(\) = 3 hi\¥isanalyticinD, ||A]|, < oo}
=0

A

) 1 27 o 1/p
where D:={A: || <1},  ||h]p = (sup 2—/ h(r-elv) dw)
7

r 0
Main cases of interest related to frequency responses of discrete-time signals:

o Ho(D):= {iL h(\) = S o R A" is analytic in D), A2 < oo} where

~ 1 2w . 2 1/2
|R)l2 = (Sup — / h (r : e”’) dw)
r<l 2T 0

e Hoo (D):= {iL () =322 he A is analyticin D, ||A|e < oo},where
|h| o := esssup ﬁ()\)|

A <1
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{iL h(\) = > o hi\" is analyticin D, HiLHOO’p < M}

Dp:={A: [A] < p}

27 JO

esssup |h (M),
. €D,

o 1/
| (£ 7 | (o )| ) ™
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System Norms

Let & be a discrete or continuous-time, linear, time-invariant (LT1) system and let GG be

the Lambda (G = g, \¥) or Laplace transform of its impulse response { gy } or g(¢).
k
Let u and y = g * u be the input and the output of (&, respectively. Then:

esssup |§(e’* D.T.
HGUHQ B H@H _ w6[0,27r]| ( )‘ ( )

|Glly, = sup
e w0 |[Ully esssup |g(Jw)| (C.T.)

weE|—o00,00]

D oo lgxl  (D.T)
I _lg(t)|dt (C.T.)

|Gl o 00= = |G, =

Applications:
e (5 has a bounded energy amplification if and only if @ € Hoo;
e (5 is BIBO-stable if and only if ||G||; is bounded.

Signal and System Norms and Spaces’ 12



%% Politecnico di Torino - DET M. Taragna

Note moreover that, if G is BIBO-stable:

Cul., A
Gl _ G =<

|G 5,00 7= supD
2o w0 lull,

|G|
|Gl o:=5up :
w0 ||| oo
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Banach Spaces

Let X be a normed vector space:

e asequence z = {x} € Xis said to be convergent if

dz* € X ||z —2™|| — 0 when k — o0;

e asequence r = {x} € Xis called a Cauchy sequence if

Ve >0, In>0:||z; —ail| <&, Vi, k>n;

e X is said to be complete if every Cauchy sequence in X is convergent.

A Banach space is a complete normed vector space.

Examples of Banach spaces: R™, C", ¢, (Z), L,, (1), L, (|0, 27]), L, (R).
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Hilbert Spaces

Let X be a vector space over the field R or C.

An inner (or scalar) product on X is defined as a complex-valued function

(2, y) — (2, 9)
which satisfies the following properties, Vx, vy, 2 € X and Va, 8 € R or C:

(¢7) (x,x) > 0 (nonnegativity) o |
(-, ) is a positive definite function
(22 ,x) = 0ifand only if x = 0

(iii)
(iv)
(v)

Y+ 2) = (z,y) + (x,2) (additivity)
8

,ay) = a(x,y) (homogeneity)
,Y) = (Y, ) (symmetry)
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An Hilbert space is defined as a complete normed vector space with an inner

product that induces a norm:

||| := v{z, z)
Examples of Hilbert spaces:
X=C", (x,y) =

X — Can,
X =1V (7),

X =Lz (I), (f,9) =
X = L2 ([0,21]), (X,Y):=
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