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Example #1: estimation of a resistance value

NN voltage-current measurements are performed on a real resistor, assuming that:
® |ts static characteristic is linear = the device model is given by the Ohm’s law
VR — R - iR
e the measurements are corrupted by an unknown noise
o T
€= [617'”761\7]

The following system of linear equations is derived:
(

UR.1 — R-’iR,1+61

VR2 = HR-itpa+es

R-igp N +en
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8% politecnico di Torino - DET M. Taragna

In matrix terms:

IS In the standard form:

known data known function unknown noise

F(0,) = ® -0, = linear function of the unknown parameter 6,

Goal: find an estimate R of R by means of an estimation algorithm (estimator) 1

applied to the data vector y:

Set Membership Estimation Theory 2
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Example #2: parametric estimation ofan ~ AR X (n,, ny) model
Yj+a1Yj—11tayj—2+...Tan, Yj—n, =

TV
autoregressive part (AR)

. /
b1Uj_1 —|—b2’LLj_2—|—. : .+bnij_nb +e€j, J= ,...,N
exogenous variable (X)

Set Membership Estimation Theory 3
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Least squares estimation errors

6, : “true” parameters that generated the data vector y
Due to measurement noise, y = P60, + e = P60, =
using the least squares algorithm as estimator:
b = (07®) 0Ty= (d70) BT (B, +¢) =
(®7®) " 7D 0, + (8TD) T =06, + (BTP)"

v

I

1
dle

A —1
0—0,= (<I>T<I>) dl'e = estimation error
® ¢ is not exactly known, but different assumptions may be made on ¢ :
- random variable — statistical (or classic) estimation

- componentwise bounded _ o
—> Set Membership estimation

- energy bounded

Set Membership Estimation Theory

M. Taragha
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Unknown But Bounded (UBB) errors
e € B. = uncertainty set

Br={¢cRN: |¢;| <ei=1,...,N}= {é cRV: €l =, max_fé;| < s}

N
Bgz{éeRN: el-e= Y & < 52}: e € RY: ||e], =
1=1

€ &

-

&
e Assumption : 3. is symmetric with respect to the origin of RN
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e Problem : how to evaluate the uncertainty on 6 induced by the uncertainty set 5. ?

—1
A= (<I>T<I>) d1" = least squares operator : RY — R"
—— —~—

~ 1 measurement space parameter space
0—0,=(®"®) d'e=Ae =

0, =0 — Ae =
0, c EUS=0DA|B.] =Ay®A|B.] =A |y ® B.| = Estimate Uncertainty Set

A

Yo 2¢

4

A= (OTO)IOT g,

roEEEY

y
el |
CDHCK 2¢
yg, —A=@eyer —
e

[

Y1
Y3 Measurement space ON

Note that 6, € U S and that the distance between ®6, and y is not greater than ¢

Parameter space [1"

Set Membership Estimation Theory 6
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Example : let N = number of measurements = 3, n = number of parameters = 2 and assume that
y = PO, + e, where e € B = {€ eRY: ||| ., =max;=1,... n |&] < &} with known &
yzﬂ

[
>

Y1
Y3 Measurement space OON

e Each data vector y is an element of the Measurements space RN = R3

Set Membership Estimation Theory v
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Example : let N = number of measurements = 3, n = number of parameters = 2 and assume that
y = PO, + e, where e € B = {€ eRY: ||| ., =max;=1,... n |&] < &} with known &
yzﬂ

A

A= (PTO)LOT g,

y/\

[
>

y
: Parameter space 1"

Y3 Measurement space OON
e Each data vector y is an element of the Measurements space RN = R3

e If the least squares operator A = (CIDTCID) -1 o1 is applied as estimator ) to the data vector y,
then the estimate @ = ) (y) = Ay is an element of the Parameter space R™ = R? obtained

as linear mapping of y € RY into R™

Set Membership Estimation Theory
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Example : let N = number of measurements = 3, n = number of parameters = 2 and assume that
y = PO, + e, where e € B = {€ eRY: ||| ., =max;=1,... n |&] < &} with known &
yzﬂ

A

A= (PTO)LOT g,

y/\

[
>

y
: Parameter space 1"

Y3 Measurement space OON

Each data vector y is an element of the Measurements space RN =R3

If the least squares operator A = (CIDTCID) -1 o1 is applied as estimator ) to the data vector y,
then the estimate @ = ) (y) = Ay is an element of the Parameter space R™ = R? obtained
as linear mapping of y € R into R™

te=0 = ¢ (y = Pb,) = AP, = (Td) 0T 0, = 0,

Set Membership Estimation Theory
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Example : let N = number of measurements = 3, n = number of parameters = 2 and assume that
y = PO, + e, where e € B = {€ eRY: ||| ., =max;=1,... n |&] < &} with known &
yzﬂ

A

A= (PTO)LOT g,

[
>

> 01
Parameter space 1"

Y1
Y3 Measurement space OON

Each data vector y is an element of the Measurements space RN =R3

If the least squares operator A = (CIDTCID) -1 o1 is applied as estimator ) to the data vector y,

then the estimate @ = ) (y) = Ay is an element of the Parameter space R™ = R? obtained
as linear mapping of y € RY into R™

fe=0= ¢ (y = ,) = ADY, = (TP) ' dTd0, = 0,
In general, e 20 = y=®0,+e# PO,

Set Membership Estimation Theory v
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Example : let N = number of measurements = 3, n = number of parameters = 2 and assume that
y = PO, + e, where e € B = {€ eRY: ||| ., =max;=1,... n |&] < &} with known &
yzﬂ

A

A= (PTO)LOT g,

A = (OTQ) 1T

Y3 Measurement space ON Parameter space [I"

Each data vector y is an element of the Measurements space RN =R3

If the least squares operator A = (CIDTCID) -1 o1 is applied as estimator ) to the data vector y,

then the estimate @ = ) (y) = Ay is an element of the Parameter space R™ = R? obtained
as linear mapping of y € RY into R™

te=0 = ¢ (y = Pb,) = AP, = (Td) 0T 0, = 0,
In general, e 20 = y=P0,+e# PO, = @:Ay:(CDTq))_lq)T(CIDHO—I—e):GO—I—Ae#GO

Set Membership Estimation Theory v
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Example : let N = number of measurements = 3, n = number of parameters = 2 and assume that
y = PO, + e, where e € B = {€ eRY: ||| ., =max;=1,... n |&] < &} with known &
yzﬂ

A

A= (PTO)LOT g,

A = (OTQ) 1T

Y3 Measurement space ON Parameter space [I"

Each data vector y is an element of the Measurements space RN =R3

If the least squares operator A = (CIDTCID) -1 o1 is applied as estimator ) to the data vector y,

then the estimate @ = ) (y) = Ay is an element of the Parameter space R™ = R? obtained
as linear mapping of y € RY into R™

te=0 = ¢ (y = Pb,) = AP, = (Td) 0T 0, = 0,
In general, e 20 = y=P0,+e# PO, = @:Ay:(CDTq))_lq)T(CIDHO—I—e):GO—I—Ae#GO

Even if @0, is unknown, its £~ —distance from y is unknown but bounded by €: y—®0, =e € B°

Set Membership Estimation Theory v



8% politecnico di Torino - DET M. Taragna

Example : let N = number of measurements = 3, n = number of parameters = 2 and assume that
y = PO, + e, where e € B = {€ eRY: ||| ., =max;=1,... n |&] < &} with known &
Y2“ 2¢€

A A

A= (PTO)LOT g,

%

y
g y
CDHOK 2¢
ydg, A=@e)er —
e

[
>

Y1

Y3 Measurement space ON Parameter space [I"

e Even if @0, is unknown, its £-c—distance from ¥y is unknown but bounded by : y— 0, =e € B2°
= ®h, is an element of the Measurement Uncertainty Set M U S°° that contains any possible
data vector whose £~o—distance from v is bounded by € (M U S°° is convex and symmetric w.r.t. y):

MUS® =y & BX ={g eR" : ||§ — y|l o =max;=1, .~ |§i —yi| <e} CRY

Set Membership Estimation Theory 8
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Example : let N = number of measurements = 3, n = number of parameters = 2 and assume that
y = PO, + e, where e € B = {€ eRY: ||| ., =max;=1,... n |&] < &} with known &
Y2“ 2¢€

A

[ A= (PTO)IPT g

%

y
g y
CDHOK 2¢
ydg, A=@e)er —
e

[
>

Y1
Y3 Measurement space OON
e Even if @0, is unknown, its £-c—distance from ¥y is unknown but bounded by : y— 0, =e € B2°
= ®h, is an element of the Measurement Uncertainty Set M U S°° that contains any possible
data vector whose £~o—distance from v is bounded by € (M U S°° is convex and symmetric w.r.t. y):
MUS™® =y @B ={j RV : ||j — yllc =max;—1,.. N |7 —yi| < e} CRY
e If the least squares operator A is applied as estimator 1) to all the elements of the MU 5°°,

then the Estimate Uncertainty Set EU S°° is derived: X
EUS® =4y (MUS®) = AIMUS™ | =Aly® B.°| = Ay ® A[B.°] =0 ® A|B.°]

Parameter space 1"

Set Membership Estimation Theory
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Example : let N = number of measurements = 3, n = number of parameters = 2 and assume that
y = PO, + e, where e € B = {€ eRY: ||| ., =max;=1,... n |&] < &} with known &
Y2“ 2¢€

A

[ A= (PTO)IPT g

%

y
g y
CDHOK 2¢
ydg, A=@e)er —
e

[
>

Y1
Y3 Measurement space OON
e Even if @0, is unknown, its £-c—distance from ¥y is unknown but bounded by : y— 0, =e € B2°
= ®h, is an element of the Measurement Uncertainty Set M U S°° that contains any possible
data vector whose £~o—distance from v is bounded by € (M U S°° is convex and symmetric w.r.t. y):
MUS™® =y @B ={j RV : ||j — yllc =max;—1,.. N |7 —yi| < e} CRY
e If the least squares operator A is applied as estimator 1) to all the elements of the MU 5°°,

then the Estimate Uncertainty Set EU S°° is derived: X
EUS® =4y (MUS®) = AIMUS™ | =Aly® B.°| = Ay ® A[B.°] =0 ® A|B.°]

A

e FU S is convex and symmetric with respect to 8; 0, e MU S = 0, = AP0, € EUS°

Parameter space 1"

Set Membership Estimation Theory
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e The FU S “volume” gives an idea of the estimation “quality” and, in particular,
the Estimate Uncertainty Intervals EUI;,7=1,...,n, provide this measure:

~m ~ M
EUI; = | min 0,;, max 0, } {9- 0. } CR
9EEUS ~ 0€EUS J

J . >4

A m A M
93’ 6 .

J
— the range of the 7-th component of the estimate is such that:

~m ~ M
0; < 10o]; <90,

— an upper bound on the estimation error of the 7-th component is:

0; — 1[0, ‘<A. —0. /2

— Qs the symmetry center of £U S,
because EU S is the image of a
symmetric set under a linear mapping

Set Membership Estimation Theory 9
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Set Membership framework: the linear estimation problem

e “A priori” information
— a deterministic source of data, that linearly depends on the unknown
deterministic parameter 8, € R", generates the measurements:

y=®0, +e

where the matrix ® € R X" is known
— noise e is unknown but bounded: e € B,, where the set B, C RY is known

® “A posteriori” information
— adata vector y € R is available

e Goal: find a suitable estimate 8 € R™ of the unknown deterministic parameter 6,

0 =1 (y) ~ b,

and evaluate the estimate uncertainty in two cases: e € BS° and e € Bg

: : : 2 —1
e Possible solution: use the least squares estimator =0 = Ay = (CIDTCID) d Ly

Set Membership Estimation Theory 10
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Evaluation of EUS®®

e The uncertainty set is a cube in RY centered in the origin:
B ={eeR":|g|<ei=1,...,N}

Il y=®0,+e¢
the set of any possible measurement (called Measurement Uncertainty Set )
is a cube in R"Y whose symmetry center is the data vector y:

MUS® =yaBX ={geR" | —y|<ei=1,...,N} CR"Y
the vertices of MU S are denoted by ., k = 1,...,2"
Theorem: EUS>®=A[MUS®]|=conv{Ag;, k=1,...,2"} CR"

Y2 Y Vs
conv{f1,...,0p}: % - A= (@007 g,

convex hull of the set {01, ...,0,} y—1

Is the smallest convex polyhedron

Ys

olytope) containing 61.....0 2 A
(polytope) 9b01,...,0p yO8s

Y1 Parameter space "
Y3 Measurement space ON

Set Membership Estimation Theory 11
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Evaluation of EUI;?O

~m ~ M

e Theorem: EUI® = {Qj , 0,

|cr

= Z_: ijk [ Yi —aosign (&jk)] ,
m

20; — 0,
] ((I)T(I)) 1(I)T,
j] = Ay

: : _ 1
min ¢;=_min (Ay);= EU| 0o

OEEUSOO yeEMUS®

~ min Z ajkYr = min Z aikYr = min Z a;ikYk
U9 —yi | <egp=1 Yi—esUi—yY;Sep=1 Yy —eSUiSYitep=1
1=1,....,N 1=1,...,N z—l, ...N
and such a minimum is achieved by Y, = yr —€ifa;p > 0,0orbyyr = yr +eifar <O.
Since MU S = y @ B° is symmetric with respect to the data vector y, then

EUS>® =A [MUSOO is symmetric with respect to the estimate 0 = Ay and then:

" ~ M N
0 = )/23_1 on o= 0 =20,-6" =1,

Set Membership Estimation Theory 12
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Description of ellipsoids

Let (2. be an ellipsoid in RY centered in x°:
0, = {x eRY: (z—2°) = (z—2°) < 1}

RNXN

e The form matrix X, € IS symmetric and positive definite = it is invertible

e The directions of the main axes of {1, are given by the eigenvectors u; of >,
which are orthogonal because .. is positive definite

e The lengths of the semi-axes of {1, are given by \/)\i (X2),
where \; (2, ) is the i-th eigenvalue of 3,

Set Membership Estimation Theory 13
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Linear transformation of ellipsoids

Let (2. be an ellipsoid in RY centered in x°:
Q. = {a:E]RN (z— 2°)"
and consider the linear transformation:
z=PreR"withP e RN n< N
e Theorem: if rank (P) = n, then

Q, =P[Q,] = {z eR": (z—2°)" =7 (z — 2°) 382}

z

2°=Pz° €R", X, =PE, P’ e R""

A
X5

Zi:
Space",n<N

Set Membership Estimation Theory
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Evaluation of EUS?

e The uncertainty set is a sphere in RY centered in the origin:
={eeRY:¢e"-e<e?}
Il y=®0,+e

the set of any possible measurement (called Measurement Uncertainty Set )
IS a sphere in RY whose symmetry center is the data vector y:

MUSQ:yEBBﬁz{yGRN (G—y)" (?J—y)éez}CRN

e Theorem: EUSQZA[y@ BZ| = {QER” (0—0)TdTP (H—0) < ¢ }CR”

is an ellipsoid in R™ with 6 = Ay as symmetry center and (@1 ®)~! asform matrix
Al

Y1 ]
Ys Measurement space ON

1
EUI 2

Parameter space (0"

Set Membership Estimation Theory 15
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e Theorem: EUS? = A[ya B2 = {éeRn: (0—0)TDTD (§—0) < 52} CR"

is an ellipsoid in R™ with 6 = Ay as symmetry center and (@1 @)~ asform matrix
Al

é1m 91 élM 0]?
EUI 12
Parameter space (1"

Proof: by definition, EU S 2 is the linear mapping of MU S 2 = y @ Bg through the matrix A:
EUS?=Aly®B2] = {é ER™: (0 — Ay)T[AAT]"1(0 — Ay) < 62}
But Ay = 0, A = (3T ®)~1®T and then:
AAT = (@To) 1oT[(8Td) toTT = (a7 d) 1oL {<I>[(<I>T<I>)_1]T} =
= (@' o) ol (@l )] = (2T )]

Ve

I

Y1 ]
Y3 Measurement space ON

Set Membership Estimation Theory 16
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Evaluation of EUI?

N —— N ———
% ~ M
0, 0

o) = \/[(chcb)le

e Theorem: EUIf:[@j—e'aj,é’j%—e'aj]:[

Set Membership Estimation Theory 17
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Optimal (with minimal uncertainty) estimates

e Isthe EU S the smallest set containing the “true” parameter 6,7

e Are the EU I; the smallest possible uncertainty intervals?

e Does the LS estimator provide the minimal uncertainty intervals?

To answer all these questions, it is necessary to analyze the set of all the parameters
that are consistent with both the data and the available information on noise

e Definition: a parameter @ is said to be feasible (or consistent) if (y — ®60) € B.

i A
FPS {«9 e R": (y — ®O) € Be} — Feasible Parameter Set =

set of all the parameters consistent with both the data and
the prior information on noise and on the estimation problem

e F'PS is independent of the estimation algorithm
e If data are generated by the “true” parameter 8, then 0, is feasible; in fact:

y=®0,+e,ecB, = y—-d,=ecB. = 0,cFPS

Set Membership Estimation Theory 18
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Relationship between FPS and EUS

e Theorem:

FPS CFEUS

Proof: iféGFPS, then
(y—®0) eB. = PcydBe = A[@@]GA[y@Be]:EUS

But A [@é} — (®T®)~ 18T ®0 = fandthen § € EUS.

e The Parameter Uncertainty Intervals PU1;, j = 1,...,n are defined as:

PUI; = { min 6;, max Hj} = {Hjm,QJM} CR
9cFPS = OcFPS

J . _J/

v v

6 jm QJM
from the above theorem:

PUIJQEUI],]:L,TL
$

M

o
i =Y

Set Membership Estimation Theory 19
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Evaluation of FPS” and PUI;>O

o If) € FPS™, then (y — CIDQ)EBOO {eeRY )¢ <ei=1,...,N}
U ol dthrowof @
FPSOO:{éeR”: yi — 010 §5,7L:1,...,N}

i.e., I'PS5°° is a polytope (a convex polyhedron) generated by linear inequalities:

yi—gpfé‘ge@ —e < Y; — ¢9<5(:>yz—5<gp 9<yz+5

e Moreover, PUI® = { min 6;, max Qj} = {HJW,QJM} CR
pcF PS> ~ HcFPS>

S . J/

93.7” g M

with Hjm and QJM solutions of linear programming problems of the standard form:

min, ¢! x with the constraint: Az < b

Set Membership Estimation Theory 20
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Evaluation of FPS? and PUI?

o Theorem: FPS?2 = {é cR™: (0—0)T [6T®] (0 —0) < e — a2}

2 _ N\T N\ — n 112 2
o = (y—00)T(y— @) =y 20 |3< e
— “fitting error’ between measured outputs and estimated outputs
a greater fitting error = a smaller F'P.S 2 = alower uncertainty on parameters

e Moreover, PUIj2: {9 —O']\/€2—O52 (9 +03\/s2—a2} — {Gjm,HJM} CR

\

_\/ <I>T<I>

QM

Set Membership Estimation Theory 21
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Optimal estimates

e Definition: given an estimate 6’ the estimate error 5(6’) is given by:

= sup [|[0—0|
0cFPS
~opt
e Definition: an estimate 6 ~ is optimal if:

g™ <€), Vo eRr”

e Central estimate :

é’C: {é’ﬂ where@f: (9]m+9]M)/2, j=1,....,n

— the central estimate is optimal both if B, = B% and if B, = BZ°, since:
~C M :
100, - 05 | < (0]} =07 /2 j=1,...,n
S

~L
— if B. = B2, the least squares estimate § = (1 ®)~1d1'y is central =
~LS
0 is optimal if B, = B2, but in general it is not optimal if B, = BS°

Set Membership Estimation Theory 22
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Example: parametric estimation of a position transducer mo del

Position transducer
T

z

Voltage V_inV

0
0000000°

1 1 1 1 1 | | 1
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045
Positionzin m

The static characteristic of the position-voltage transducer is nearly linear in the range
between 1.3 e 3.5 cm = the characteristic can be linearly approximated by:

VZ:Kt'Z+VO

Set Membership Estimation Theory 23
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e In the linearity interval between 1.3 e 3.5 cm:

Vz:Kt - 2+ VO
—~— —~—

unknown unknown
e The most relevant error occurs in the position z measurement and it is not greater

than 0.5 mm =- to account for this error, the model equation can be rewritten as:

1 VO+
2= -V, — — +e
K K

where the unknown parameters are:
1 V,
r=—, Oy=——=
Ky Ky
e The N measurements taken in the linearity interval form a system of equations:
— Vz,l '(91—|—(92—|—61
zg = Vy9-01+02+ e

i = Vyon-01+0x2+en
V. i : voltage provided by the transducer when the position value is z;

Set Membership Estimation Theory 24
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® |In matrix form:

V.n 1

l.e., the estimation problem is in the standard form:
y=o-0+e

where y € RY, ® € RV*2 ¢ ¢ RY and the unknown is § € R?
e Using the Least Squares estimation algorithm:

f=A-y, withd= (2T .0 1T =

0 _ | 1.8194-1073 N
05 2.2791 - 102

A

X ) 7
Ky = — =549.62V/m, V, = —9—2 — —12.526V
1

-

Set Membership Estimation Theory 25
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Evaluation of the Estimate Uncertainty Intervals EUI;?O

eNeBX={e"eRY:|g<e,i=1,...,N}, e=5-107* =

. AMm . ~ M ]
BULY = |05 = i 0000 =, g 0]

(AN . N :

0 =,.min_ 05 =) 1 ajk - [yr — € - sign (a;k)

N : " ik
o DA% 0j =D p—1@jk - [Yr +€-sign(ax)] =2-0; — 0,
~m A~ M i i
0, ,0, | =[1.6996-1073,1.9392 - 10~
F o A M _ _ —
05,0, | =[2.2291-1072,2.3291 - 10~ 2]

—

A N ~ M A

KgﬂKﬂ - [1/91 ,1/91} — [515.67, 588.36] V/m

- . ~ ~M ~m Am A

Vo VM| = |0y 0, -6 /Qﬂ — [~13.703, —11.495] V

Set Membership Estimation Theory 26
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Envelope of the static characteristics of models whose parameters 6 are taken as the

extremes of the Estimate Uncertainty Intervals £U 17, j = 1,2

Position transducer
T T T T T
O Experimental data (z, V)
— —z=min@"*v_,0M*Vv)+ 0"
H 1 z' 1 z 2
— 2z=0_*V_+80
~ L * 2 m M
. z~max(e1 vz,el VZ)+62

N

>
£
>
()
o
8
o
>

linearity interval
: | | | | |
0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Position z in m

Set Membership Estimation Theory 27
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Evaluation of the Parameter Uncertainty Intervals PUI;->O
FPS™ — {éeR‘“m(é) Nyi — (@8] <e, i = 1,...,N}

PUL® = | min 0;, max ;| CEUL®, j=1,2
peFPS> *’ 9eFPS®
The extremes of PUI]‘?O, 97 = 1, 2, are solutions of the linear programming problems
(

min 0;= min ¢’ y
0c FPSoo M-0<b

max 6;=— min (—c)"

( 0 FP S M-0<b

+ e, C:j-th column of 29

min 601,0M= max 0;]=[1.7909 - 10~3,1.8484 - 10~3]
OcF PS> e FPS>

min s, 0M= max 0] =[2.2596 - 10~2,2.2807 - 10~2]
OcF PS> e FPS>

K KM = [1/9{” ,1/971"} — [541.01,558.38] V/m

—

Vo v = [t o oy /6] = (12735, ~12225] V

Set Membership Estimation Theory 28
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Envelope of the static characteristics of models whose parameters 6 belong to the
Feasible Parameter Set F'PS°

Position transducer
I I I l l l
o Experimental data (z, VZ)
—_ *
| — z=6,*V, +8,

N

>
£
>
()
o
8
o
>

linearity interval
| | | | |
0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Position z in m
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Feasible Parameter Set F'P.5°° (continuous line) and set of estimates given by the

extremes of Parameter Uncertainty Intervals PU I, j = 1,2

Feasible Parameter Set FPS”
T T T
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( min 01+ max «91)/2_ -1.8196-10_3_

0cF PS> Oc FPS®°°

( min 6o+ max 92)/2 22702 102

0cF PS> Oc FPS°°

KC _1/90 = 549.56 V/m, V=65 /67 = ~12.476V

Feasible Parameter Set FPS”

Note that: € =

0.0229
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