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of these systems, for which controllability implies stabilizability,
was obtained. Basically, this is the subclass of systems that are
state equivalent to the so-called triangular form (see [4] and further
references there). An example, showing that this need not to be true
for systems that are not state equivalent to triangular form, was
provided as well. The basic tool was establishing that the HCC is
not only sufficient but also necessary for the STLC of triangular
form nonlinear systems.
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Flexible Piezoelectric Structures—Approximate Motion
Equations and Control Algorithms

Basilio Bona, Marina Indri, and Antonio Tornambè

Abstract—Continuous-time and discrete-time algorithms are proposed
to control a thin piezoelectric structure which can be described by
means of approximate linear time-invariant dynamic models. Generalized
coordinates are introduced to approximately represent the kinematics of
the structure in a polynomial form; the approximate motion equations
are determined by the application of the integral Hamilton principle
in the Lagrangian form. The proposed control laws are designed on
the basis of the obtained continuous-time and discrete-time approximate
dynamic models; they guarantee the gravity force compensation, the
noninteracting control of the generalized coordinates, and the asymptotic
tracking of reference signals. Simulation results confirming the theoretical
effectiveness of the algorithms are reported in the paper.

Index Terms—Approximate dynamic model, continuous-time control,
discrete-time control, flexible structures, piezoelectric materials.

I. INTRODUCTION

Piezoelectric materials respond with a charge storage to an applied
force and generate a deformation when charges are stored on them.
These materials can be used both for local force and/or deformation
sensing and for distributed actuating by virtue of the reversibility of
the piezoelectric phenomenon that, for each material, depends only
on its cause (the applied stress or the charge storage). In many recent
papers different problems related to piezoelectric materials, used as
sensors and/or as actuators, have been analyzed [1]–[5], [8], [9],
[13]–[15].

This paper deals with a planar “sandwich” structure, constituted
by two thin piezoelectric films (one for local sensing and one for
distributed actuating) mounted on a thin elastic support.

Both the flexural properties of the structure and the piezoelec-
tric ones are expressed in a simple “compact” form by means of
the flexure energy density and of the piezoelectric energy density,
respectively, to determine the motion equations of the structure by
the Hamilton principle in the Lagrangian form [3]. In the steady
state, the deformation of the structure can beexactly described by
means of afinitenumber of polynomial mode shapes; the approximate
continuous-time and discrete-time dynamic models are then deter-
mined by representing the kinematics of the structure in a polynomial
form and by truncating such a representation to a finite number
of terms, according to the Ritz–Kantorovich approximation method.
The discrete-time approximate dynamic model of the structure is
determined via the direct discretization of the action functional of
the system to approximately guarantee the conservation of energy
over each sampling interval [10], [12].

The obtained approximate dynamic models of the structure are par-
ticularly suitable for solving in an easy way some control problems of
general importance. Continuous-time and discrete-time algorithms are
proposed for the noninteracting control of the generalized coordinates,
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Fig. 1. The sandwich structure:L1 = L2 = 0:5m; S = 2mm;

h = 1:01mm:

which have been introduced in the approximate representation of the
deformation function, and for the asymptotic tracking of reference
trajectories.

Some simulation results, reported in the paper, show the theoretical
effectiveness of the proposed control algorithms and confirm the pos-
sibility of employing piezoelectric actuators not only for “classical”
purposes, like the residual vibrations reduction, but also in more
general control applications, like the active noise reduction and the
active shape modification.

Sections II and III are devoted to exact and approximate modeling
of the thin piezoelectric structure, whereas Section IV is related to
its control. In Section V some simulation results are reported and
discussed with reference to a sandwich structure, constituted by a
central aluminum support and by two thin bi-oriented polyvinylidene
fluoride (PVDF) films. Section VI draws the conclusions.

II. DYNAMIC MODEL OF A THIN PIEZOELECTRIC STRUCTURE

In this section, after a brief description of the considered thin planar
piezoelectric structure, the analytic expression of its Lagrangian
density function is determined to apply the integral Hamilton principle
for the computation of the motion equations.

A. The “Sandwich” Structure

A sandwich structure, composed of two distributed thin piezo-
electric layers mounted on a thin elastic support, is considered.
Under the assumption of small deformations, its configuration at
time t 2 [ti; tf ]; with [ti; tf ] � ; can be described with respect
to the inertial reference frameR(x; y; z) reported in Fig. 1 by the
following equations:

x(t; `) = `2; t 2 [ti; tf ]; ` 2 
 (1)

y(t; `) = `1; t 2 [ti; tf ]; ` 2 
 (2)

z(t; `) = c(t; `); t 2 [ti; tf ]; ` 2 
 (3)

in which the Cartesian coordinates have been parameterized with
respect to a spatial vector coordinate` = [`1; `2]

T 2 
; with 
 � 2

being a compact domain defined as


 := f` = [`1; `2]
T 2 2: 0 � `i � Li; Li 2

+
; i = 1; 2g: (4)

Only the transverse deformation of the structure in the thickness direc-
tion z is considered; such a deformation is described by the function
c(t; `); t 2 [ti; tf ]; ` 2 
 which is assumed to be twice differentiable
with continuous derivatives.L1 andL2 are the dimensions of the thin
element in absence of deformation, whereas the third dimension of the
structure is assumed to be negligible in comparison withLi; i = 1; 2:
The electric potentialV (t; `); t 2 [ti; tf ]; ` 2 
 can be either applied
to the piezoelectric layer (whence considered as the control input) or

measured as the effect of the deformation (whence considered as the
output). The structure is fixed to an inertial body along its side of
lengthL1; hence, the following constraints hold:

c(t; `) = 0; 8t 2 [ti; tf ]; ` 2 
: `2 = 0 (5)

c` (t; `) = 0; 8t 2 [ti; tf ]; ` 2 
: `2 = 0 (6)

where

c` (t; `) :=
@c(t; `)

@`2
: (7)

Notations similar to (7) will be used in the remainder of the paper
to denote time first-order partial derivatives and spatial second- and
higher-order partial derivatives.

B. The Lagrangian Density Function

The motion of a monogenic system (i.e., a system subjected only
to forces that can be derived from generalized scalar potentials) can
be determined by the application of the integral Hamilton principle
in the Lagrangian form which is hereafter briefly recalled.

Let L̂(t); t 2 [ti; tf ] be the total Lagrangian function of a
monogenic mechanical system. The motion of the system during the
interval [ti; tf ] is such that the action functional

J :=
t

t

L̂(t)dt (8)

has a minimum value in correspondence with the actual path of
motion.

The motion equations of the thin sandwich structure can then be
computed by minimizing (8) with

L̂(t) :=
L

0

L

0

L(t; `)d`1 d`2 (9)

whereL(t; `); t 2 [ti; tf ]; ` 2 
 is the Lagrangian density function.
For the considered sandwich structure,L(t; `) is defined, for all
t 2 [ti; tf ] and for all ` 2 
, as

L(t; `) = T (t; `)� Ug(t; `)� Up(t; `)� Uf(t; `) (10)

whereT (t; `) is the kinetic energy density,Ug(t; `) is the gravita-
tional energy density,Up(t; `) is the piezoelectric energy density, and
Uf(t; `) is the flexure energy density.

The expressions of the kinetic energy density and of the gravita-
tional one can be easily derived as follows:

T (t; `) = 1

2
�(`)c2t (t; `); Ug(t; `) = g�(`)c(t; `) (11)

where �(`); ` 2 
 is the mass density per unit area andg is the
modulus of the gravity vector, assumed to be directed along the
z-axis.

It is also possible to determine simple, “compact” expressions for
the piezoelectric energy density and the flexure one; in particular,
Up(t; `) can be expressed as

Up(t; `) =
1

2
Q(t; `)V (t; `) (12)

whereV (t; `) is the electric potential andQ(t; `) is the developed
charge density which can be written as follows:

Q(t; `) = �PPP (`)[c` ` (t; `)c` ` (t; `)c` ` (t; `)]T : (13)

The1�3 row vectorPPP (`) = [P1(`) P2(`) P3(`)] is a continuous
function of ` 2 
; given by

PPP (`) = hE(`)�(`)[e32 2e36 e31] (14)

where h is the distance between the midplane of the elastic sup-
port and the midplane of the piezoelectric film;E(`) describes
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the effective surface electrodewhich represents the portion of the
piezoelectric layer that is covered by electrode;�(`) represents the
polarization profile of the piezoelectric layer; ande31; e32; e36 are
the piezoelectric stress/charge constants of the film, which depend on
Young’s modulus, Poisson’s ratio, and the strain/charge constants of
the piezoelectric film.

If the entire piezoelectric film is covered by an electrode and its
polarization is uniform (in this caseE(`) and �(`) are constant),
thenPPP (`) is constant over
:

The flexure energy densityUf (t; `) is given by

Uf(t; `) =
1

2

S3

3
[c` ` 2c` ` c` ` ]

� ~QQQ[c` ` 2c` ` c` ` ]
T (15)

where S is the uniform thickness of the structure and~QQQ is a
symmetric3 � 3 matrix which depends on Young’s modulus and
on Poisson’s ratio and describes the relation between the stress and
the strain of the structure (see [7]). Under the assumption that the thin
planar structure is constituted by symmetric laminates with multiple
especially orthotropic layers, matrix~QQQ assumes the following form:

~QQQ =

~Q11 0 ~Q13

0 ~Q22 0
~Q13 0 ~Q33

: (16)

The flexure energy densityUf(t; `) can then be expressed in compact
form as

Uf(t; `) =
1

2
[c` ` (t; `) c` ` (t; `) c` ` (t; `)]

� FFF (`)[c` ` (t; `) c` ` (t; `) c` ` (t; `)]
T (17)

where the3� 3 matrix FFF (`) = [Fi;j(`)]i;j2f1;2;3g; ` 2 
, which is
symmetric and positive definite for all` 2 
; is defined as follows:

FFF (`) =
S3

3

~Q11 0 ~Q13

0 4 ~Q22 0
~Q13 0 ~Q33

: (18)

Note that FFF (`) is constant over
 because a layer ofconstant
thickness has been considered.

The motion equation of the thin piezoelectric structure can then be
obtained by minimizing (8), i.e., by solving the well-known Lagrange
equations under some boundary conditions. The resulting motion
equation, whichexactly describes the dynamics of the structure, is
a partial derivative equation of second-order with respect tot and of
the fourth-order with respect to the entries of`; given by

�ctt + �g + F11c` ` ` ` + F33c` ` ` ` + F23c` ` ` `

+ (F22 + 2F13)c` ` ` ` + 2F12c` ` ` `

= 1

2
(P1V` ` + P2V` ` + P3V` ` ): (19)

III. A PPROXIMATE CONTINUOUS-TIME

AND DISCRETE-TIME DYNAMIC MODELS

It can be verified [3] that in thesteady state, under the assumption
of constant electric potentialV (t; `) = Vo, the shape of the piezo-
electric structure can beexactlydescribed by a fourth-order parabola
having the following form:

c(`) =

4

i=0

4

j=2

bij`
i
1`

j
2 (20)

where coefficientsbij ; i 2 f0; 1; � � � ; 4g; j 2 f2; 3; 4g are to be
determined by means of boundary conditions.

As a finite number of polynomial mode shapes is sufficient to
exactly describe the structure deformation in the steady state, it

seems reasonable to consider a complete set of polynomial functions
� = f`

k
1 `

k
2 g; k1; k2 � 0 to represent the generalized coordinate

c(t; `) as

c(t; `) =

1

k =0

1

k =2

bk k (t)`
k
1 `

k
2 ; 8t 2 [ti; tf ]; 8` 2 
 (21)

where thebk k (t)’s are twice differentiable functions oft; with
continuous derivatives (due to (5), (6),bk 0(t), and bk 1(t) are
identically equal to zero for allk1 2 + and for all t 2 [ti; tf ]):

According to the Ritz–Kantorovich method, (21) is truncated at a
finite order q 2 ; q � 2 to obtain the following approximate
representation ofc(t; `):

c(t; `) '

q

k =0

q

k =2

bk k (t)`
k
1 `

k
2 ; 8t 2 [ti; tf ]; 8` 2 
: (22)

Replacing (22) in the expression of the Lagrangian density function
(10)–(18), it is possible to compute the total Lagrangian function (9),
as the dependence ofc(t; `) on ` 2 
 is completely known from (22).
In this way the motion path that minimizes the action functionalJ

in (8) can be analytically determined [3].

A. Continuous-Time Dynamic Model

Considering the approximate expression (22) ofc(t; `)
and bbb(t) := [b02(t); � � � ; b0q(t); � � � ; bq2(t); � � � ; bqq(t)]

T ; bbb(t) 2
(q+1)(q�1); as the state vector of the system, the minimization of

(8) can be achieved by looking for a vectorbbbo(t) that satisfies the
following Lagrangian equation:

d

dt

@L̂

@bbbt(t)
�

@L̂

@bbb(t)
= 0 (23)

where L̂ = L̂(bbb(t); bbbt(t)) is the total Lagrangian function (9)
with assigned initial conditionsbbb(ti); bbbt(ti): The other boundary
conditions result in being satisfied by virtue of (22).

B. Discrete-Time Dynamic Model

Let the initial and final configuration of the element,bbb(ti); bbb(tf) 2
p; p := (q + 1)(q � 1); be fixed; let the fixed time interval[ti; tf ]

be decomposed inN 2 subintervals of constant widthT := (tf �

ti)=N; and vector���(k) be defined as

���(k) := bbb(ti + kT ); k 2 f0; 1; � � � ; Ng: (24)

If the functionbbbt(t) is approximated by the backward difference

bbbt(ti + kT ) '
���(k)� ���(k � 1)

T
(25)

then the action functionalJ(bbb) := s
t

t L̂(bbb(t); bbbt(t))dt can be ap-
proximated by the followingbackward approximating function:

J(bbb) ' JB(�̂��) :=T

N

k=1

L̂ ���(k);
���(k)� ���(k � 1)

T
(26)

where�̂�� := [���T (0); ���T (1); � � � ; ���T (N)]
T
2

(N+1)p:

Hence, the problem of minimizing the functionalJ(bbb) has been
reduced to the problem of minimizing the backward approximating
function JB(�̂��) with respect to vector̂���, i.e., to the solution of the
following equations:

dJB(�̂��)

d�̂��
= T

N

k=1

@L̂ ���(k);
���(k)� ���(k � 1)

T

@�̂��
= 0 (27)
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equivalent to

@L̂ ���(k);
���(k)� ���(k � 1)

T

@���(k)

+

@L̂ ���(k + 1);
���(k + 1)� ���(k)

T

@���(k)
= 0 (28)

with k 2 f1; 2; � � � ; N � 1g: Equation (28) constitutes the desired
recursivebackward discrete-time modelof the structure [3], [11], [12].

This discretization procedure also can be applied when different
expressions are adopted for the approximate representation of func-
tion bbbt(t) (e.g., when the forward difference is used). Appendix A
shows that by applying this discretization procedure, the conservation
of energy over each sampling intervalT is approximately achieved
with an approximation accuracy depending on the sampling period
itself.

C. Second-Order Approximate Models

In the remainder of the paper, the approximation order in (22)
is considered asq = 2; the continuous-time and discrete-time
approximate models thus obtained will be used in Section IV for
the design of the control algorithms.

If q = 2; the approximate expression ofc(t; `) is given by

c(t; `) ' b02(t)`
2

2 + b12(t)`1`
2

2 + b22(t)`
2

1`
2

2: (29)

The control input of the system is represented by the electrical
potentialV (t; `) which is restricted to have the same analytical form
that has been assumed forc(t; `)

V (t; `) = u02(t)`
2

2 + u12(t)`1`
2

2 + u22(t)`
2

1`
2

2: (30)

The continuous-time motion equations that result from (23) with the
approximate expression (29) ofc(t; `); under the assumption that
�(`); FFF (`) andPPP (`) are constant, have the following form:

AAA�bbb(t) +BBBbbb(t) +CCCg = DDDuuu(t) (31)

where bbb(t) := [b02(t) b12(t) b22(t)]
T 2 3 is the state vector,

uuu(t) := [u02(t) u12(t) u22(t)]
T 2 3 is the input vector, and the

more usual notations�bbb(t) = bbbtt(t) and _bbb(t) = bbbt(t) have been
introduced.

The backward discrete-time motion equations, which result from
(27), are

bbb(k+ 1) = (2III � T
2
AAA
�1
BBB)bbb(k)� bbb(k� 1)

� T
2
AAA
�1
CCCg + T

2
AAA
�1
DDDuuu(k) (32)

with k 2 f0; 1; 2; � � � ; N � 1g:

The complete expressions of matricesAAA;BBB;CCC; andDDD are reported
in Appendix B; it is important to stress that the generalized inertia
matrix AAA is symmetric positive definite forL1; L2> 0 and that the
input matrixDDD is nonsingular ifP3 6= 0 andL1; L2> 0:

IV. DISTRIBUTED CONTROL OF A THIN PIEZOELECTRIC STRUCTURE

The approximate dynamic models of the structure, which have
been determined in the previous section, are particularly suitable for
the solution of some control problems of general importance. Both
the noninteracting control problem with internal stability (i.e., the
problem of finding a control law that asymptotically stabilizes the
system such that the generalized coordinatesbij(t) of the closed-loop
system do not interact) and the reference trajectory tracking (i.e., the
problem of assigning desired reference trajectories to the generalized
coordinates, assuring that the tracking error asymptotically goes to

zero, independently of the system initial state) can be solved easily
on the basis of the second-order approximate dynamic models (31)
and (32), as they are linear and time invariant. The use of a higher
approximation order in (22) is only formally more involved.

Such control problems are stated and solved in this section, both
in continuous-time and in discrete-time cases, under the assumption
that all the state variables are measurable. Otherwise, it becomes
necessary to include an asymptotic observer (whose design is not
difficult, since the models are linear) and to modify accordingly the
control problems and their solutions.

A. Noninteracting Control with Internal Stability

The noninteracting control problem (with internal stability) can be
stated as follows.

Find, if any, a continuous-time (discrete-time) state feedback con-
trol law that asymptotically stabilizes the system and compensates
the gravity force such that the generalized coordinates of the
continuous-time (discrete-time) closed-loop motion equations do
not interact.

1) Continuous-Time Control Law:Let the motion equations of
the thin piezoelectric structure be described by the approximate model
(31). The proposed continuous-time feedback control law is

uuu(t) = �HHH2
_bbb(t)�HHH1bbb(t)�HHH0g +GGGvvv(t) (33)

wherevvv(t) = [v02(t) v12(t) v22(t)]
T is the reference signal.

Matrix HHH0 has to be chosen to compensate the gravity force, while
HHH2;HHH1;GGG have to guarantee the noninteraction of the generalized
coordinates and the asymptotic stability of the closed-loop system. It
can be easily proved that in choosing

HHH0 =�DDD
�1
CCC; HHH1 = DDD

�1
(AAAKKK1 �BBB)

HHH2 =DDD
�1
AAAKKK2; GGG = DDD

�1
AAA (34)

the following closed-loop equation is obtained:

�bbb(t) +KKK2
_bbb(t) +KKK1bbb(t) = vvv(t) (35)

whereKKK1 and KKK2 are diagonal gain matrices that guarantee the
decoupling of the system [i.e., each coordinatebi2(t); i = 0, 1, 2,
depends only on the corresponding entryvi2(t); i = 0, 1, 2, of vector
vvv(t)] and its asymptotic stability.

2) Discrete-Time Control Law:Let the motion of the thin piezo-
electric structure be described at the sampling times by the approx-
imate discrete-time dynamic model (32).

The proposed discrete-time feedback control law is

uuu(k) = �WWW 2bbb(k)�WWW 1bbb(k� 1)�WWW 0g +LLLvvv(k) (36)

wherevvv(k) = [v02(k); v12(k); v22(k)]
T is the sampled-data refer-

ence signal. Similar to the continuous-time case, it can be easily
proved that by choosing

WWW 0 =�DDD
�1
CCC

WWW 1 =
1

T 2
DDD
�1
AAA(KKK1 � III)

WWW 2 =DDD
�1 1

T 2
AAA(KKK2 + 2III)�BBB

LLL =
1

T 2
DDD
�1
AAA (37)

the following closed-loop system is obtained:

bbb(k+ 1) +KKK2bbb(k) +KKK1bbb(k� 1) = vvv(k) (38)

in which KKK1 andKKK2 are diagonal matrices such that the system is
decoupled and asymptotically stable.
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B. Tracking of Reference Signals with Internal Stability

It is possible to assign a desired path of motion to the sandwich
structure, by means of reference trajectories to be tracked by the gen-
eralized coordinates, and to state the corresponding control problem
as follows.

With reference to the feedback control law (33) [resp. (36)],
find, if any, a continuous-time (discrete-time) reference sig-
nal vvv(t) [vvv(k)] such that the generalized coordinates of the
continuous-time (discrete-time) system track given reference tra-
jectories with a tracking error that goes asymptotically to zero,
independently of the system initial state.

1) Continuous-Time Control Law:Let the motion of the thin
piezoelectric structure be described by the approximate model (31).
With reference to the feedback control law (33), characterized by
matrices (34), the following reference signal:

vvv(t) = JJJ3
�bbbr(t) + JJJ2

_bbbr(t) + JJJ1bbbr(t) (39)

(wherebbbr(t) 2 C2([ti;1); 3) is a given reference trajectory) can
guarantee that

lim
t!1

[bbbr(t)� bbb(t)] = lim
t!1

eee(t) = 0 (40)

independently of the initial statebbb(ti); _bbb(ti): As a matter of fact, the
following choice of matrices:

JJJ3 = III; JJJ2 = KKK2; JJJ1 =KKK1 (41)

yields the following dynamics for the trajectory tracking error:

�eee(t) +KKK2 _eee(t) +KKK1eee(t) = 0: (42)

Since matricesKKK1 andKKK2 guarantee the asymptotic stability of (42),
property (40) holds.

2) Discrete-Time Control Law:Let the motion of the structure
be described by approximate model (32). With reference to the feed-
back control law (36) characterized by matrices (37), the following
reference signal:

vvv(k) = VVV 3bbbr(k+ 1) + VVV 2bbbr(k) + VVV 1bbbr(k � 1) (43)

(where bbbr(k) is a given sampled-data reference trajectory) can
guarantee that

lim
k!1

[bbbr(k)� bbb(k)] = lim
k!1

eee(k) = 0 (44)

independently of the initial state of the system. Similarly to the
continuous-time case, with the following choice of matrices:

VVV 3 = III; VVV 2 =KKK2; VVV 1 =KKK1 (45)

property (44) holds, since matricesKKK1 and KKK2 guarantee the
asymptotic stability of the resulting dynamics of the tracking error

eee(k+ 1) +KKK2eee(k) +KKK1eee(k� 1) = 0: (46)

V. SIMULATION RESULTS

The considered planar structure is made of aluminum, while the
piezoelectric layers are constituted by bi-oriented PVDF thin films;
the entire structure is assumed to be constituted by symmetric
laminates with multiple orthotropic layers. The entire piezoelectric
film is covered by an electrode and its polarization is uniform; hence,
PPP (`) may be computed by (14) withE(`) = 1;�(`) = 1: Under
the assumption that the flexure properties of the piezoelectric film are

Fig. 2. Simulation results. Noninteracting control of the generalized coordi-
nates:b02 (solid line), b12 (dashed line),b22 (dash-dotted line), normalized
with respect to the initial conditions.

negligible in comparison with the aluminum ones, matrixFFF (`) may
be computed by (18), considering only the aluminum contribution
(see [7] for the complete expression of matrix~QQQ). The numerical
values of the geometrical parameters of the structure are reported in
Fig. 1.

A. Simulation Tests

The aim of the simulation examples is to test the effectiveness
of the proposed control laws. In particular the effectiveness of the
discrete-timecontrol algorithms, developed in Section IV, is studied
when they are applied to thecontinuous-timemodel (31) which is
assumed to correctly describe the dynamics of the sandwich structure.

In the first simulation test, which is relative to the noninteracting
control problem with internal stability, the initial shape of the
structure is described by (29) withb02(ti) = 0.1m�1; b12(ti) =

0.05m�2; b22(ti) = 0.02m�3; while the desired shape is a horizontal
flat that corresponds tobr;i(t) = 0;8t 2 [ti; tf ]; i = 0, 1, 2. As Fig. 2
shows, the asymptotic stability of the closed-loop system is correctly
achieved, while the decoupling of the generalized coordinates is
not perfect, as they show different dynamical behaviors even if the
closed-loop poles have been placed in the same locations for each
loop involving one of the coordinates.

In the second simulation test, which is relative to the asymp-
totic tracking of reference trajectories, the initial shape of the
piezoelectric structure is described by (29) withb02(ti) = 4.8
�10�3m�1; b12(ti) = 4.8 �10�3m�2; b22(ti) = 3.2 �10�3m�3;
while the desired final statebr;i(tf) = 0, i = 0, 1, 2 has to be
achieved by means of a so-called2-1-2 reference trajectoryfor each
generalized coordinate in the time interval[ti; tf ] = 0.5 s (Fig. 3).
Figs. 4–6 show that the tracking error for each generalized coordinate
is very small and comparable to a computational error.

The reference trajectories, which have been assigned to the gener-
alized coordinatesbi2; i = 0, 1, 2, correspond to a similar trajectory
for each point of the thin structure. Figs. 7 and 8 show the desired
structure deformationc(t; `) and the corresponding tracking error for
a particular pointP on the thin plate(`2 = 0.5m; `1 = 0.25m):

VI. CONCLUSIONS

Approximate motion equations of a thin piezoelectric structure
have been obtained both in the continuous-time case and in the
discrete-time one, by means of the Ritz–Kantorovich method and the
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Fig. 3. Reference trajectory of the generalized coordinates, normalized with
respect to the initial conditions.

Fig. 4. Simulation results. Reference trajectory tracking:b02 error inm�1:

Fig. 5. Simulation results. Reference trajectory tracking:b12 error inm�2:

integral Hamilton principle, via a suitable representation of the elec-
trical and flexural properties of the structure in the expressions of the

Fig. 6. Simulation results. Reference trajectory tracking:b22 error inm�3:

Fig. 7. Reference deformation inP:

Fig. 8. Simulation results. Deformation error inP:

piezoelectric and flexure energy densities. The obtained approximate
models, in which the kinematics of the structure is represented by
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means of a finite number of polynomial mode shapes, are linear and
time-invariant, and hence they have been shown to be particularly
useful to design, in a very easy way, control algorithms for the
asymptotic stability of the closed-loop system (with the noninteracting
control of the generalized coordinates) and for the asymptotic tracking
of reference signals.

Simulation results have shown thetheoreticaleffectiveness of the
proposed algorithms and the possibility of applying the discrete-
time control law, which has been developed on the basis of the
approximate discrete-time dynamic model of the structure, to the
continuous-time model.

Only experimentaltests could definitely show if the performance of
the proposed solutions is satisfying or if some, and which, modifica-
tions are necessary in practice. In particular, future works will analyze
more accurately some problems related to the implementation of the
proposed control laws as the design of an observer for the estimation
of the state variables and the practical construction of the electric
potential functionV (t; `):

APPENDIX A

Proposition 1: For small sampling periodsT; the discrete-time
dynamic model (28) is such that when no external forces (not included
in the model) are applied to the system, the difference between the
total energy of the system at the successive sampling instantskT

and(k+1)T is approximately equal to zero, with an approximation
accuracy depending on the sampling periodT itself.

Proof: The two terms in (28) can be rewritten, respectively, as
follows [12]:

@L̂ ���(k);
���(k)� ���(k � 1)

T

@���(k)

=
@L̂

@bbb
k

+
1

T

@L̂

@bbbt
k

(47)

@L̂ ���(k + 1);
���(k + 1)� ���(k)

T

@���(k)

= �
1

T

@L̂

@bbbt
k+1

(48)

where the following notation has been used:

(f(bbb; bbbt))k := f(bbb; bbbt)

with bbb = ���(k); bbbt =
���(k)� ���(k � 1)

T
:

The following property can then be deduced directly from (28):

1

T

@L̂

@bbbt
k+1

�
@L̂

@bbbt
k

�
@L̂

@bbb
k

= 0: (49)

Since i) the total Lagrangian function̂L(bbb(t); bbbt(t)) is constituted
by terms that depend only onbbb(t) or bbbt(t); ii) it does not depend
explicitly on timet; and iii) the system is monogenic, the Hamiltonian
Ĥ := (@L̂=@bbbt)bbbt � L̂ coincides with the total energy of the system
[6]. It can be verified that after some manipulation, the total time
derivative of Ĥ can be written as

dĤ

dt
=

d

dt

@L̂

@bbbt
bbbt �

@L̂

@bbb
bbbt: (50)

For small sampling periodsT; the variation rate of the Hamiltonian
(i.e., of the total energy of the system) during a sampling interval can
be approximated by the following expression:

1

T
[(Ĥ)k+1 � (Ĥ)k]

=
1

T

@L̂

@bbbt
k+1

�
@L̂

@bbbt
k

� (bbbt)k �
@L̂

@bbb
k

(bbbt)k

=
1

T

@L̂

@bbbt
k+1

�
@L̂

@bbbt
k

�
@L̂

@bbb
k

(bbbt)k (51)

which is equal to zero due to (49), thus proving Proposition 1; the
accuracy of the approximation introduced by (51), which exchanges
the time derivative ofĤ given in (50) with a difference, depends on
the sampling periodT itself.

APPENDIX B

Aij =
1

5(i+ j � 1)
�L

(i+j�1)

1 L
5
2; i; j 2 f1; 2; 3g

Ci =
1

3i
�L

i
1L

3
2; i 2 f1; 2; 3g
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3
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2
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2
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3
1L2)
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2
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4
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3
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On the Stability of Uncertain Systems
with Multiple Time-Varying Delays

Yeong-Jeu Sun, Jer-Guang Hsieh, and Horng-Chin Yang

Abstract—In this paper, criteria for the global asymptotic stability
of a class of uncertain systems with multiple time-varying delays are
proposed. Based on the improved Razumikhin-type theorem, delay-
dependent and delay-independent criteria are provided to guarantee
the global asymptotic stability of such systems. Our main results are
generalizations of some recent results reported in the literature in the case
with multiple time-varying delays. A numerical example is also given to
illustrate our results.

NOTATION

< := Set of all real numbers.
<n := n-dimensional real space.
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<m�n := Set of all realm by n matrices.
C(t1) := f�: [t1 � 2H; t1] ! <n: � is continuous}.
I := Unit matrix.
�max(A) := Maximum (resp. minimum) eigenvalue
(resp.�min(A)) of matrix A with real eigenvalues.
A�1 := Inverse of matrixA.
AT := Transpose of matrixA.
kAk := Induced Euclidean norm of matrixA.
Q> 0 := Matrix Q is a symmetric positive definite

matrix.
�(P ) := Condition number of the matrixP ; �(P ) =

kPk � kP�1k.
8 := Means “for every.”
; := Empty set.
p := f1; 2; � � � ; pg:

p := f0; 1; � � � ; pg:

I. INTRODUCTION

In recent years, the stability problem of time-delay systems has
been widely investigated; see, for example, [1]–[13] and [15]. This is
due to theoretical interests as well as to a powerful tool for practical
system analysis and control design, since delays are often encountered
in various engineering systems such as the turbojet engine, microwave
oscillator, nuclear reactor, rolling mill, ship stabilization, chemical
engineering systems, manual control, and systems with lossless trans-
mission lines. Frequently, it is a source of the generation of oscillation
and a source of instability in many control systems. However, in
many practical time-delay systems, the time delays appearing in the
systems are time-varying or are only known to be bounded by some
constants. Typical time-delay systems with multiple time-varying
delays include the turbojet engine, microwave oscillator, control
of epidemics, inferred grinding model, and population dynamics
model. Consequently, the problem of stability analysis of time-
delay systems with time-varying delays has been a main concern of
the researchers. Depending on whether the stability criterion itself
contains the delay argument as a parameter, the stability criteria
for time-delay systems can be classified into two categories, namely
delay-independent criteria and delay-dependent criteria. Usually, the
latter ones are less conservative than the former ones. In the past,
there have been a number of interesting developments in searching the
stability criteria for time-delay systems, with or without uncertainties,
but most were restricted to searching the delay-dependent criteria
for systems with commensurate delays or for systems with constant
delays; see, for example, [2], [4], [5], and [7]–[10]. For searching the
delay-independent criteria for systems with single time-varying delay,
see, for example, [11]–[13]; but to search the delay-dependent criteria
for systems with single time-varying delays, see [15]. It is the purpose
of this paper to search delay-dependent and delay-independent criteria
under which the global asymptotic stability of a class of uncertain
systems with multiple time-varying delays can be guaranteed.

This paper is organized as follows. In Section II, some criteria are
proposed to guarantee the global asymptotic stability for a class of
uncertain systems with multiple time-varying delays. In Section III,
an example is provided to illustrate our main results. Finally, the
conclusion is made in Section IV.

II. PROBLEM FORMULATION AND MAIN RESULTS

Consider the following uncertain system with multiple time-
varying delays:
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