ESTIMATION, FILTERING AND SYSTEM IDENTIFICATION - FORMULARY

o 1 N R N 1 -1
Sample mean estimator: Oy = ~ Z; d;; Weighted sample mean estimator: 0y = z; aid;, o= VL[di]’ a= {Zfil W[d]}

ul(t) 91
Least Squares (LS) estimator for a linear regression problem y(t) = (t)70, t=1,..., N, with ¢(t)= [ : eR", 0= [ D leR™:
un (t) "
. N “Irn _ o))" ur(l) ... un(1) y(1)
Ors = [Z w(t)cp(t)T] [Z ga(t)y(t)} —[@T®] " @Ty, d=| =|: : ERV" y=1" eRY
=1 =1 o(W)T ur(N) ... u,(N) y(N)

identifiability condition: ®7® is nonsingular
Weighted LS (WLS) estimator: Owrs=[®7Q®] '®"Qy, Q=diag(q(t)) eR"N; Var[fwrs] = [#7Q] 97Q%,Q [67Qd] '
Gauss-Markov (GM) estimator: Ogm=[®7S,'®] " ®7S;ly, Varllon)= [875,'®] 5 if £, = 021y = Ocr=01s
Maximum Likelihood (ML) estimator @y, = arg maxgezn L(6), L(6) = f(q, 0)|,—; = likelihood function

Ocar is unbiased (E(@GM) =0,), efficient (X, <X, V@), consistent (limy 00 Xy 0), Gaussian

bcm bom =
Bayesian (or conditional mean) estimator: 8 = E[6|d]
2
: | _ 0 _ d|_|0da oan _M H1= Jod _ _ Gba_ o
e Gaussian scalar case {0} N({O],Z—Var{g]—{ged 090}) = 0= d, with Var[@]—od , Var[d —0]=09 Udd—a

0
e optimal linear estimator for the scalar case [g] ~ [8} , X=Var {g} gz: gzg ]) o=2%g

_J N N _ ~
oif {g}w({E[d]—@eR },zzvm{d}:{zdd Zda]) S D=0+ %55} (d—d), with Var[d — 8] = Spy — SeuS5) Sag

E[f]=0cR" 0 Xoa Yoo
N éprior:E 9 :97 ith Var éprior - : éposterior_epmor O'Qd d—d ith Var 0 eposterior _ 1— 2 o= 00d
[0]=0, w [ ] =200 ( 1), w [ =060 (1), p Joeeo s

Recursive Bayesian estimator:
0
0, 2=Var

0
e scalar case | d(1) | ~
d(2 0

where e = innovation of d(2) given d(1) = d(2) — E'[d(2)]d(1

e vector case [ E §:| <[g§9; % [§§g s )v {gz;;gg = E[0|d(1),d(2)] = E[0]d(1)] + E[0]e] —
d

020 021 022 012 =021

g Opg 01 002 091=016
gg%g}z[dw o11 012:|> {092—026 = E[60]d(1),d(2)]=E[6]d(1)] + E[§] €],

4(2) - Zd(1)

,2=Var
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IR P b |
where e = innovation of d(2) given d(1) = d(2) — d(2) — E[d(2) — d(2)|d(1) — d(1)] = d(2) — d(2) — £, 27" [d(1) — d(1)]

Set Membership estimation framework: y = ® -0, + ¢, e € Be, using § = [9]} = Ay, A= ;] = (7®) 10T (ie., 0 = @Ls)

eif B =BrX={eeRN:|&|<e i=1,...,N} = {eERN el =max,_, N|é¢|§s}:>
MUS® =yaBr ={geR" | ﬁyl| <ei=1,...,N} CRN, EUS® = AIMUS*™] = conv{Agx,k=1,...,2"} CR"
. ~Am A]VI . ~Am . ~ M ~ Am
EUI* = [mm@eEst 0;, maxy_ py oo Hj]z [Hj 0; ]CR,]ZI,...,n, where 0, =5""_ a;k [yx — e-sign (a;1)], 6; =20; — 6,

FPS> = {é eR"

T7 . oo : m oM .
fgoiH‘gs,z:l,...,N},PUIj :[mlneeppswGj,maXQGFPSOOGj] [0] ,0; ]C]R,]zl,...,n =

6" = Fn%glfcj -0, 9 = pzneixfcj -0 = —Fnélélf —c] -0, with ¢; = j-th column of I),xn, F = { :I:I) ], f= { f/y ] +e

Under MATLAB R2014A: PUI_jmin = c_j’#1p(c_j,F,£f); PUI_jmax = c_j’*1p(—c_j,F,£); % with 1p
options_old = optimset(’linprog’); options new = optimset(options_old,’Algorithm’,’simplex’); % to use linprog
PUI_jmin = c_j’*linprog(c_j,F, £, [],[],[], ], [], options_new); PUI_jmax = c_j’*linprog(—c_j,F, £, [],[],[], [], [, options_new);

oif B. = Bl= {éeRN: ehe=y" & ng} = {éERN: léll, = /XL, 3<s} =
MUS?=y@® B = {y ERY :(j—y)T-(F-y) < 52} C RN, BUS® = A[MUS?] = {éeR": O-0)T0Td (0—0) < 52} CR"
EUIj2 = [mineeEUS2 0, max, o oo Hj] = [é]-m,éjM] = [% —c- O'j,éj +e- Uj] CR,j=1,...,n, with o; = [(@T@)*l}m
FPS?= {é ER™:(0-0)" [@7®] (H—0) <&~ a2}, with a? = (y — ®0) T (y — ®0) = || y — 0 ||2< &? (otherwise FPS?=0)
PUI? = [mmeepps2 0, max,_ . pg 9]-] =[o,0M] = [é]-—ajm, 0, +aj\/a2—7] CR,j=1,...,n, with o;=, /[(®T®)1
Central estimate: § = [9?], j=1,...,n, with QJC: O+ HJ-M)/ 2 (9C is optimal for B2 and BS°, while 0" is optimal only for B2)

(t+ 1) _ A(t)w(t)+B(t)U(t)+U1(t) 1o 7 {m’(t)eRn’y(t)eRq7u(t)GRP7A(t)eRan7B(t)eRn><p7C(t)eRan

]j»j

Given S: { y(t) = C(Wa(t) + v (1) v1(t) ~WN(0,Vi(t)) ER™ v2(t) ~WN(0,V2(t)) €RE, x(t=1) ~ (Z1,P1)

Vl(t) eRrR™"™ ‘/'g(t) eRI*9 Vlg(t) eR™*9 1 €R", P, e R™*"
Dynamic Kalman one-step predictor and filter:
Z(N+1IN) = A( YE(N|N—=1)+B(N)u(N)+K(N)e(N)

SNIN 1) = CNYS(N|N —1) Ko(N)=P(N)C(N)T[C(N)P(N)C(N)T+Va(N)] " eR"*¢ 1
gﬁ(N|N)_m(N|N—1)+KO( Je(N) 7 K(N)=[A(N)P(N)C(N)"+Vi2(N)] [C(N)P(N)C(N)"+Va(N)]
e(N) _y(N) —g(N|N—1) —K(N)[C(N)P(N)C(N)"+Va(N)|K(N)"€R"*" (DRE)

Initialization: &(1|0) = E[z(1)] = Z1, P(1) = E[(z(1) — Z1)(z(1) — 1)) = P
Predictor/corrector form of dynamic predictor and filter for a LTI system S (with Vizg=0nxgq, V2 >0, K(N)=AKy(N)):

Ko(N) = P(N)CT[CP(N)CT+V3]
Po(N) = [In—Ko(N)C] P(N) [I,— Ko(N)C|"+ Ko(N)VaKo(N)" = [I,— Ko(N)C] P(N)
e(N) =y(N) — C&(N|N - 1)

Z(N|N) = 2(N|N — 1) + Ko(N)e(N)

P(N +1) = AP(N)AT + W1

N—|—1|N) Am(N|N)—|—Bu( )



Steady-state Kalman one-step predictor and filter for a LTI system S (with Viz =054, V2>0):
Z(N+1|N) = AZ(N|N—1)+Bu(N)+Ke(N)

G(N|N—1) = C2(N|N—1) Ko = PCT[CPCT+V,] " eR™X4
#(N|N) = 2(N|N — 1) + Koe(N) , with ¢ K = APCT(CPCT+V2)™! = AK, e R™*¢
g(NIN) = CZ(N|N) P eR™"™: P = APAT+Vi— APCT(CPCT+V,)'CPAT  (ARE)

e(N) =y(N) —g(NIN-1)
Under MATLAB: S=ss(4, [B,eye(n)],C, [D,zeros(1,n)],1); [Kalman predictor,Kbar,Pbar,KObar]=kalman(S,V1,V2,0);

ARX(na,np,nk) 1 y(t) + ary(t—1) + a2y(t—2) + - - + an, y(t—na) = bru(t—ng) + - - + bp,u(t—nr —np+1) + e(t)

e(t), with A(z)= 14+a1z Hasz %+ +an, 27", B(z) =bz Mkboz Ty +bnbz*"’“*"b+1

B(z) 1
) =5 )+ 515
ARX model M(6) in predictor form: §(t)=[1—A(2)] y(t)+B(2)u(t) = (ma1z7 = = an, 2 )y (E)H(brz T by 2T M (1)

=p(t)70, with o(t) =[-y(t—1) --- —y(t—na) u(t—ny) - u(t—ng—np+1)]"€R™F" 0 = [a1 - an, b1 --- bp,] €R™F™
ARMAX(nq,ny, ne,nk) : y(E)Hary(t—1)Hay(t—2+- - - 4an, y(t—na) =bru(t—ng)+- - - +bn, u(t—np—np+1)+e(t)+cie(t—1)+ - - +cn. e(t—nc)

y(t)= ig? u(t) (zi (t), with A(2)=1+a1z" 4+ +an, 2~ ", B(z)=biz "+ +bp,z "™ C(2)=1+ciz7 - +ep 2"

ARMAX model M(6) in predictor form: j(t) = {1 — %} y(t) + %u(t)
OE(ny,nyg,ng) : y(t) = w(t) + e(t), where: w(t) + frw(t—1) 4+ fo,w(t—ny) = bru(t—ng) + - + bpu(t—ng—np+1)

y(t):?u(t) +e(t), with B(z)=b1z~ " +boz ™ 4 oAby, 2T F(2) =14 f1z7 - faz e fup 2T

(2)
OE model M(6) in predictor form: j(t) = F(2) u(t)
RLS-1 algo: 5(t) :3(t11)+¢(t)¢(1t)T, K(t) = S(t)~ 1¢1(t) e(t) = y(t) — o) Br1, B; = 0: 1 + K(t)e(t)
RLS-2 algo: R(t) = _TR(tf 1)+ ;go(t)go(t)T, K(t) = ZR() " o(t), e(t) = y(t) — () O—1, 0y = B:—1 + K (t)e(t)
RLS-3 algo: f,_, = 1+¢(t)"V(t—1)p(t), V(t):V(tfl) SV (E=D)p(t)e(t ) V(t=1), K({t)=V()@(t), e(t) =y(t) —p(t)" Or—1,
(1

0: = i1+ K (t)e(t), with initialization: 61 = Onx1, V(1) = S(1)7! = R(1)™" = aln, & > 0, n = dim(0)
Given a model M(0) with complexity n (given by dim(6) or the degree of the model t.f., according to the problem context) =

1 N 1 2 Y]
MSE = m Et:N0+l E(t)2 = m Et:N0+l ( ( ) (t,@)) = RMSE = MSE,

. N — No +n ) . . . ln(N No)
FPE = 2 MSE; AIC = o + In(MSE); MDL = n——2 + In(MSE);
N
Best Fit = 1 — | ——— 120 withj=—— > ()
N—No Zt:N0+1(y(t) -9) N — No 1=Ng+1

For a neural network with n inputs, r hyperbolic tangent neurons only in the unique hidden layer and just one linear output neuron:
T
(0) = 3 (Wal, tanh (S5, WA, o) (6 4+ Wil ) + W],y where

e for a NNARX(nq, np, nk) : ¢(t) (t— ) Sy(t—na) u(t—ng) - u(t—np—np+1)]" € R n =n, 4 ny

Zly
[g(t-1) - (t ng) u(t—ng) - u(t—ng—np+1)]" € R n=n; 4+ ny

e for a NNOE (ny, ny,ng) : o(t)
Under MATLAB: NetDef = [’H ‘H L —--- — ’] trparms = settrain; trparms = settrain(trparms,’maxiter’, 500);
—— H,_/
T times r—1 times
[W1,W2] = nnarx(NetDef, [na,nb,nk], [|, [], trparms, y,u); % or: [W1,W2] = nnoe(NetDef, [nb,nf,nk],...

Free space for other formulas or schemes (NO MATLAB code!); since A.A. 2015/16, this space has to remain free



